Introduction {#Sec1}
============

Models in science and engineering are usually expressed in the form of mathematical equations representing the reality with a given quality level. In addition to the free variables determining the degrees of freedom of the system, such equations usually involve some particular parameters accounting for the conditions of the problem. Learning such parameters is of paramount importance for an accurate and realistic description of the observed behavior of the system. This is also a very challenging task, typically demanding a lot of expertise, time, and effort from a human expert in order to get reliable results. Seeking to overcome this limitation, several approaches and methodologies have been devised to address this issue automatically. A classical example arises in neural networks, where several methods for parametric learning have been reported in the literature. In this work, we focus our attention on the functional networks, which are a powerful extension of the standard artificial neural networks (see our discussion in Sect. [2](#Sec2){ref-type="sec"} for further details).

In this paper, we consider the problem of parametric learning of a classical model of functional networks, the so-called associative model, which is used to represent the associativity operator. This problem can be formulated as a nonlinear continuous least-squares minimization problem. We solve it by applying a swarm intelligence approach based on a modified memetic self-adaptive version of the firefly algorithm. The paper is organized as follows: functional networks and their main components are described in Sect. [2](#Sec2){ref-type="sec"}. Sections [3](#Sec5){ref-type="sec"} and [4](#Sec8){ref-type="sec"} discuss the problem to be solved, and the firefly algorithm and its variants, respectively. Section [5](#Sec11){ref-type="sec"} describes the method used to solve this optimization problem. Section [6](#Sec12){ref-type="sec"} discuss an illustrative example. The paper closes with the main conclusions and a brief discussion about future work.

Functional Networks {#Sec2}
===================

In short, *functional networks* can be regarded as a generalization of the standard artificial neural network in which the classical scalar weights of the neural networks are replaced by neural functions. This methodology was firstly described in 1998 by E. Castillo in \[[@CR2]\] as a way to extend neural networks with new capabilities. Since then, they have been successfully applied to several problems in science and engineering. The interested reader is referred to \[[@CR3]\] for a detailed explanation about functional networks, several examples and applications. Next paragraphs describe the main components of a functional network as well as the differences between neural networks and functional networks.Fig. 1.Associative functional network: (a) original network; (b) simplified network.

Components of a Functional Network {#Sec3}
----------------------------------

As the functional networks generalize the neural networks, they share several common features, including a close graphical representation. Figure [1](#Fig1){ref-type="fig"}(a) shows a functional network called *associative functional network* (discussed in detail in Sect. [3.1](#Sec6){ref-type="sec"}), which represents the associativity operator. Following this figure, we can identify the main components of a functional network. They are: Some layers of storing units: in Fig. [1](#Fig1){ref-type="fig"}(a), we can see a first layer of input units, which contains the input information. In our example, this input layer consists of the units $\documentclass[12pt]{minimal}
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                \begin{document}$$\upsilon $$\end{document}$. We also have some intermediate layers of storing units. We point out that they are not neurons, but units storing some intermediate information. This set is optional and it is used to allow more than one neuron output to be connected to the same unit. For instance, in Fig. [1](#Fig1){ref-type="fig"}(a), we can see one layer with 4 intermediate units, represented by small circles in black. Finally, we have a layer of output units. In Fig. [1](#Fig1){ref-type="fig"}(a), it consists only of the unit $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$.One or more layers of computing units called neurons. Each neuron receives a set of input values, coming from the previous layer, makes some computations with them and returns a set of output values to the next layer. Neurons are represented graphically by circles, with the name of the corresponding neural function written inside. For example, in Fig. [1](#Fig1){ref-type="fig"}(a), we have 6 neurons arranged in two layers, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\Phi }$$\end{document}$ and I represent the associative operator and the identity function, respectively.A set of directed links, represented graphically by directional arrows. These arrows connect the input layer (or any intermediate layer, in general) to its adjacent layer of neurons, and neurons of one layer to its adjacent intermediate layers, or to the output layer. Note that the information flow is exclusively unidirectional: it always flows from the input layer to the output layer.

The collection of all these features define the so-called *network architecture* or *topology* of the functional network, which determines the functional capabilities of the network.Fig. 2.Graphical differences between: (top) neural networks; (bottom) functional networks.

Differences Between Neural Networks and Functional Networks {#Sec4}
-----------------------------------------------------------

In spite of their similarities, there is a number of differences between neural networks and functional networks. The most important ones are: Each neuron of a standard neural network returns an output value $\documentclass[12pt]{minimal}
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                \begin{document}$$x_2, \dots , x_n$$\end{document}$ are the received inputs (see Fig. [2](#Fig2){ref-type="fig"} (top)). This means that each neural function is always univariate, as opposed to the case of functional networks, in which the neural functions are multivariate, as shown in Fig. [2](#Fig2){ref-type="fig"} (bottom).The neural functions of the functional networks can be *different* (such as functions $\documentclass[12pt]{minimal}
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                \begin{document}$$f_3$$\end{document}$ in Fig. [2](#Fig2){ref-type="fig"} (bottom)). In contrast, the neural functions in neural networks are generally all *identical*.The neural networks contain scalar values called weights, which must be learned. This component is not part of the functional networks, where neural functions have to be learned instead.The neuron outputs of the neural networks are usually different. On the contrary, the neuron outputs of the functional networks can be coincident. In such cases, we obtain a set of functional equations, which have to be solved through specialized techniques, such as those reported in \[[@CR2], [@CR3]\]. As a consequence, the neural functions in functional networks can be reduced in dimension or can be expressed as functions of lower dimension.

All these differences and features show that functional networks are more general and exhibit more interesting capabilities than the neural networks.

Problem to Be Solved {#Sec5}
====================

The Associative Functional Network {#Sec6}
----------------------------------

In this paper we consider the associative functional network, which represents the associativity operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\Phi }$$\end{document}$ by using functional networks. To this purpose, we consider the network topology shown in Fig. [1](#Fig1){ref-type="fig"}(a), which replicates the mathematical structure of Eq. ([1](#Equ1){ref-type=""}). Initially, it seems that a two-argument function $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\Phi }$$\end{document}$ is to be learned. However, Eq. ([1](#Equ1){ref-type=""}) puts some constraints on it. In fact, it can be proved that the general solution of the functional Eq. ([1](#Equ1){ref-type=""}) takes the form (see \[[@CR3]\] for details):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\eta $$\end{document}$ being an arbitrary constant. Replacing now Eq. ([2](#Equ2){ref-type=""}) in Eq. ([1](#Equ1){ref-type=""}), the two sides of Eq. ([1](#Equ1){ref-type=""}) can be written as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varphi ^{-1}[\varphi (\xi )+ \varphi (\zeta )+ \varphi (\upsilon )] \end{aligned}$$\end{document}$$which means that the functional network in Fig. [1](#Fig1){ref-type="fig"}(a) is equivalent to the functional network in Fig. [1](#Fig1){ref-type="fig"}(b), where only a one-argument function $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ has to be learned. This observation leads to two important conclusions: This is the unique functional form for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\Phi }$$\end{document}$ that satisfies Eq. ([1](#Equ1){ref-type=""}). So, the neurons $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\Phi }$$\end{document}$ cannot be replaced by any other neurons.The initial two-dimensional function $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$. This means that the effect of the functional Eq. ([1](#Equ1){ref-type=""}) is to reduce the initial degrees of freedom of $\documentclass[12pt]{minimal}
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Parametric Learning of the Associative Functional Network {#Sec7}
---------------------------------------------------------

Suppose now that we are provided with a set of $\documentclass[12pt]{minimal}
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                \begin{document}$$\upsilon =\mathbf{\Phi }(\xi ,\zeta )$$\end{document}$. Let us also assume that no information is available about the form of the function, but we still know that it is associative, i.e., it follows Eq. ([1](#Equ1){ref-type=""}). To learn this associative operator, we can take pairs of numbers and their operated values as triplets $\documentclass[12pt]{minimal}
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                \begin{document}$$j=1,\dots , \alpha $$\end{document}$. From Eq. ([2](#Equ2){ref-type=""}) we get:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \omega =\mathbf{\Phi }(\xi _j,\zeta _j) \Longleftrightarrow \varphi (\omega )= \varphi (\xi )+ \varphi (\zeta ) \end{aligned}$$\end{document}$$an interesting relation to be exploited for learning $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi (\xi )$$\end{document}$. Therefore, learning the associative functional network is equivalent to learning the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \psi (\xi )=\sum \limits _{i=1}^\beta {\delta _i \psi _i(\xi )}, \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\psi _i(\xi )\}_{i_1,\dots ,\beta }$$\end{document}$ is a given set of linearly independent functions, with the ability to approximate $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _i$$\end{document}$ are the parameters of the functional network. Note that this means that they assume the role played by the weights in a neural network.

In order to estimate the coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\delta _i\}_{i=1,\dots ,\beta }$$\end{document}$, we use the available data in the form of triplets $\documentclass[12pt]{minimal}
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                \begin{document}$$(\xi _j,\zeta _j,\upsilon _j)$$\end{document}$. According to Eq. ([4](#Equ4){ref-type=""}) we must have$$\documentclass[12pt]{minimal}
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                \begin{document}$$j=1,\dots ,\alpha $$\end{document}$. Then, the error of the approximation can be measured as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \chi _j= \psi (\xi _j)+ \psi (\zeta _j)-\psi (\upsilon _j) \end{aligned}$$\end{document}$$To estimate the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\delta _i\}_{i=1,\dots ,\beta }$$\end{document}$, we minimize the sum of squared errors:$$\documentclass[12pt]{minimal}
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To summarize, learning the associative functional network finally reduces to perform parametric learning on this approximation function $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi (\xi )$$\end{document}$. This requires to solve a least-squares minimization problem:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf{\varLambda }= \underset{{\{\delta _i\}_i,\lambda }}{\text {minimize}} \left[ \sum \limits _{j=1}^{\alpha } \left( \sum \limits _{i=1}^{\beta } \delta _i\left[ \psi _i(\xi _j)+ \psi _i(\zeta _j)-\psi _i(\upsilon _j)\right] \right) ^2 + \left( \sum \limits _{i=1}^{\alpha } \delta _i\psi _i(\xi _\kappa )-\lambda \right) ^2 \right] \end{aligned}$$\end{document}$$Unfortunately, this is a difficult multivariate nonlinear continuous optimization problem. In this paper, we address this issue by applying a swarm intelligence approach based on a modified memetic self-adaptive version of the firefly algorithm. The original firefly algorithm and the modifications introduced in this paper are briefly explained in next section.

The Firefly Algorithm {#Sec8}
=====================

Original Algorithm {#Sec9}
------------------

In this work we rely on the firefly algorithm, a bio-inspired computational algorithm for optimization \[[@CR14], [@CR15]\]. The basic inspiration for the algorithm is the observed flashing behavior of fireflies in nature; in particular, the variation of the intensity of light and the concept of attractiveness, which is assumed to be related with the encoded target function. The interested reader is referred to \[[@CR16]\] for further details on the firefly algorithm. See also \[[@CR4]\] for an updated review on bio-inspired computation at large.

The firefly algorithm is a population- based method in which the individuals (fireflies) are randomly distributed over the search space and perform exploration searching for the best location, related to the quality of the solution. The motion at iteration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t+1$$\end{document}$ of a firefly *i* which is attracted by a more attractive (i.e., brighter) firefly *j* is governed by the following evolution equation:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf{X}_i^{t+1}=\mathbf{X}_i^t+\beta _0 e^{-\gamma r_{ij}^{\mu }} (\mathbf{X}_j^t-\mathbf{X}_i^t)+\alpha \left( \sigma -{{1}\over {2}}\right) \end{aligned}$$\end{document}$$where the three terms on the right-hand side of the equation account respectively for the current position of the firefly, the attractiveness of the firefly to light intensity seen by neighbor fireflies, and a random movement of the firefly if it is the brightest one. Coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ are random numbers uniformly distributed on the interval \[0, 1\].

Since its appearance, the firefly algorithm has been successfully applied to several problems in many different fields (see, for instance, \[[@CR1], [@CR6]--[@CR9]\] for some illustrative applications). Also, several modifications and enhanced versions on the original algorithm have been developed \[[@CR10], [@CR11], [@CR13]\]. We refer the reader to the paper in \[[@CR5]\] for a review and taxonomic classification of several firefly algorithms and its variants and applications.

Modified Memetic Self-adaptive Firefly Algorithm {#Sec10}
------------------------------------------------

A promising line of research nowadays is given by the so-called *memetic algorithms*. Basically, they consist of the hybridization of a global search method with a local search procedure. In agreement with this, we consider here a modified version of the firefly algorithm that enhances the original algorithm with three additional features: the use of self-adaptation schemes on some control parameters, a new elitist population model, and the hybridization with a heuristics for local search.

The first modification consists of the application of self-adaptation schemes on some control parameters; in our particular case, this strategy is applied on the randomization parameter $\documentclass[12pt]{minimal}
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The second modification concerns the population model. In the original firefly algorithm, the population of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathcal{P}$$\end{document}$ individuals is entirely replaced in each generation. Consequently, it misses some valuable features typically found in the evolutionary algorithms, such as the selection pressure for survival of individuals. As a matter of fact, even the best firefly in each generation is not preserved for the next generation. In our approach, at each generation we select a percentage *p* of the best fireflies to be preserved unaltered to the next generation. Similarly, we select a percentage *q* of the worst fireflies of the swarm and split it up into two subgroups of the same size, formed respectively by fireflies that are replaced by random solutions to increase the exploratory capacity of the swarm, and by fireflies that are copies (clones) of the best members of the swarm but then undergo mutation through an additive single-point, inductive uniform mutation at a single coordinate while all other coordinates remain unaltered.

Finally, this modified firefly algorithm is enhanced by its hybridization with a local search heuristics. In this work we apply the Luus-Jaakola local search method, a heuristic proposed in 1973 to solve nonlinear programming problems \[[@CR12]\]. The method begins with an initialization step, in which random uniform values are chosen within the search space. This is achieved by computing the upper and lower bounds for each dimension. Then, a random uniform value within these bounds is sampled for each component. This value is additively added to the current position of the firefly location to generate a new candidate solution. This new solution replaces the current one if and only if this leads to a improvement of the fitness at the new position. Otherwise, the sampling space is multiplicatively decreased by a factor, freely chosen by the user. This workflow is repeated iteratively. With each iteration, the size of the neighborhood of the point is reduced, until eventually collapsing to a point.

Our Method {#Sec11}
==========

The modified firefly algorithm described in previous section has been applied to solve the parametric learning optimization problem described in Sect. [3.2](#Sec7){ref-type="sec"}. To this purpose, we need to determine some important choices. First of all, we need an adequate representation of the unknowns of the problem. The fireflies in our method correspond to real-coded vectors of length $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, of the least-squares minimization problem in Eq. ([9](#Equ9){ref-type=""}). All individuals (fireflies) are initialized with uniformly distributed random numbers on the parametric domain for each coordinate. On the other hand, the fitness function corresponds to the evaluation of the least-squares function, given by Eq. ([9](#Equ9){ref-type=""}).

Regarding the modified memetic self-adaptive firefly algorithm, some control parameters should be determined. As is usual in the field of metaheuristic techniques, the choice of suitable values for the control parameters becomes an important issue, as it affects the performance of the method at large extent. It is also a challenging problem, since it is strongly problem-dependent. In this work, our choice is mainly based on a large collection of empirical results. These control parameters and their values for this work are:the number of fireflies, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. This parameter, which varies on the interval \[0, 1\], is used to decide the degree of randomization introduced in the algorithm, which, in turn, is used in order to generate new solutions and avoid to getting stuck in a local minimum. However, it has been noticed that larger values introduce strong perturbations on the evolution of the firefly and, eventually, delay convergence to the global optima. Consequently, it is preferable to select values between these extreme ends of the spectrum. In this work, we select $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =0.5$$\end{document}$.the percentage *p* of best solutions selected for elitism: it is set to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=0.1$$\end{document}$, with the meaning that 10% of the best solutions are preserved to the next generation unaltered.the percentage *q* of worst solutions for replacement: it is taken as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q=0.2$$\end{document}$, meaning that 20% of the worst solutions are replaced in our population for each generation. Among them, 10% are replaced by random fireflies to promote exploration, while the rest are replaced by copies of the best individuals selected for elitism and then further mutated, as explained in Sect. [4.2](#Sec10){ref-type="sec"}.

After the selection of suitable values for its parameters, the modified firefly algorithm is executed iteratively for the given number of iterations. With the purpose to remove the stochastic effects, and also to avoid premature convergence, 30 independent executions have been exectued for each experiment. Then, the firefly with the best (minimum) fitness value is taken as the best solution to the problem.

Computational Simulations and Experimental Results {#Sec12}
==================================================

Computational Simulations {#Sec13}
-------------------------

To check the performance of our approach, it has been applied to a practical example of an associative model with functional networks. The corresponding benchmark is given by the collection of data points shown in Table [1](#Tab1){ref-type="table"}. The table displays a collection of 100 training points applied to learn the functional network. The parametric learning is achieved by solving the minimization problem in Eq. ([9](#Equ9){ref-type=""}) through the method described in Sect. [5](#Sec11){ref-type="sec"}.
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Table [2](#Tab2){ref-type="table"} reports our experimental results. The table shows (in columns): the number of approximating functions, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha +1$$\end{document}$, and the averaged RMSE and maximum error values for the 100 training points (columns 3 and 4) and testing points (columns 5 and 6) in Table [1](#Tab1){ref-type="table"}. As the reader can see, the RMSE shown in third column decreases as the number of approximating functions increases. We also performed cross-validation of our results to check for over-fitting. To this aim, we predicted the values of 500 data points and computed the prediction errors. The results for the RMSE are shown in columns 5 and 6 of Table [2](#Tab2){ref-type="table"}. We can see that the RMSE and the maximum errors for the training and testing data are comparable. As a result, we can conclude that no over-fitting happens and our results can be safely validated.

All the computational work in this paper has been carried out on a 3.4 GHz Intel Core i7 processor, with 16 GB of RAM. The programming code has been implemented by the authors in the programming language of the popular scientific program *Matlab*, particularly on its version 2018b.
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In this paper we addressed the parametric learning problem of functional networks by considering a classical model: the associative functional network, which represents the associativity operator. We showed that learning this functional network for an unknown functions can be transformed into the problem of learning the parameters of an approximating function, leading to a multivariate nonlinear continuous minimization problem. We solved it by applying a modified memetic self-adaptive version of the firefly algorithm. The experimental results on an illustrative example used as a benchmark show that the method performs well and is able to obtain the learn all parameters of the model and hence, replicate the approximating model with good accuracy. Our results also show that the accuracy increases with the number of approximating functions. We also performed cross-validation by using two sets of data for training and testing, respectively. Since the obtained results are comparable, we concluded that no over-fitting occurs.

Our future work includes extending this methodology to other types of functional networks and to more sophisticated approximating functions. For instance, it is still an open problem to determine whether or not the method improves for other choices of the basis functions, such as shifted step functions, logistic functions, or the like. Applying this approach to some practical problems in different domains of science and engineering is also included in the plans for future work in the field.
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